ABSTRACT This paper focuses on the leader-following consensus problem of second-order nonlinear stochastic multi-agent systems. The velocity of each follower agent is unmeasured. The distributed ''reducedorder observer'' is built for every follower to estimate its unknown velocity. The distributed controllers are proposed under the connected undirected topology. It can be proved that the consensus error of the stochastic multi-agent systems can converge to a small region of the origin under the backstepping control approach. Simulation is given to illustrate the effectiveness of the proposed algorithm.
I. INTRODUCTION
Multi-agent systems (MASs) are composed of some agents among which the communications are given by undirected or directed topology/topologies. The MASs can accomplish the tasks that a single agent cannot finish, so MASs have broad applications, such as the formation, flocking and rendezvous of biped robots, UAVs, robotic fish and the unmanned vehicles, for more details to see [1] and [2] and references therein. If MASs can achieve an agreement or keep the same state(s) such as the same attitude, position and (or) velocity under the designed distributed control algorithms, then MASs are consensus. The consensus analysis and distributed controller design of MASs have attracted much more attentions [1] , [3] - [5] . It is worth mentioning that in the designed consensus controller for single agent, only the local information is utilized, that is only the information from agent's neighbors and itself can be used. Under the consensus controller, the agent can drive the plant to cooperate with the other agents to accomplish the global goal by communicating with other agents. So the information communication between agents plays a key role in solving consensus problem of MASs.
In the environment where MASs work at, there are many stochastic factors, for example, the atmosphere turbulence, the jolts, random noise, the chatter of carriers and so on, and these factors will prevent or destroy MASs to accomplish their mission. When the stochastic factors are considered, the states of MASs become random and are not deterministic any more, so it brings the challenges to study consensus control of MASs. Until now, many works have been done on the consensus control of stochastic linear MASs and stochastic nonlinear MASs. For example, [6] - [9] discusses the stochastic linear MASs. Specifically, [6] proposes the necessary and sufficient conditions for determined MASs reaching the mean-square consensus when MASs are suffered measurement noises. The states of neighbors are corrupted by white noises and used in the control input of every agent, so the MASs containing the designed controllers become stochastic systems. In [7] , both the noisy measurements and the time-varying delays of communication are regarded, and the proposed consensus protocols could keep MASs to be mean square average-consensus under general networks with fixed topology. References [10] - [14] discusses the stochastic nonlinear multi-agents systems.
In details, [10] discusses the consensus ability of firstorder stochastic nonlinear MASs with repairable actuator failures, and the mean-square consensus ability of the MASs depends on the coupling strength of relative states. Reference [14] discusses the first-order MASs with unknown nonlinear dynamics and the fuzzy logic systems are utilized to estimate the uncertain part of systems. In addition to the firstorder stochastic MASs, the high-order stochastic MASs have also been investigated in [11] - [13] . The nonlinear dynamics in [11] and [13] are known or bounded by known nonnegative smooth functions and the authors employ the backstepping method to design distributed controllers keeping all the states are bounded in probability. Reference [12] discusses the high-order MASs with unknown nonlinear dynamics and the neural networks are introduced to solve the uncertain parts in systems.
In order to saving cost and weight of the equipments or existence of limiting in the technological level, we cannot equip as many sensors as we desire to measure all the states of system. So not all the states in MASs can be used to design the distributed controller. Then the aforementioned control methods which employ the full states cannot work when part of states cannot be measured. To solve this problem, observer-based consensus control approaches are proposed in [15] - [21] . The reduced-order observer is proposed by [19] to solve consensus and model reference consensus problems of linear MASs with a directed graph containing a directed spinning tree. A distributed observer is designed in [15] to estimate the velocity of leader which cannot be measured in real time, and observer-based consensus control algorithm is presented to solve leader-follower consensus problem for second-order MASs with a switching interconnection topology. The high-gain observer is designed for each follower by [16] to estimate the unknown velocity in follower, and adaptive consensus control approach is proposed for second-order MASs with unknown nonlinear dynamics. Differently with [16] , a neural-network-based observer is designed for each follower in [21] , and the optimal cooperation tracking control problem of nonlinear MASs under the designed optimal controller using adaptive dynamic programing method. It should be pointed out that the mentioned observer-based consensus algorithms are only effective to solve consensus problems of deterministic MASs.
In practical applications, the systems are generally affected by stochastic factors. Differently from our previous work for first-order stochastic nonlinear MASs in [14] , in this paper we will consider the distributed observer-based leader-following consensus control problem for second-order stochastic nonlinear MASs. The contributions of this paper are threefold.
(1) Differently from the traditional stochastic MASs, there is no need to require that all the states are known. That is, the stochastic MASs with unmeasured states will be considered in this paper and a state observer will be designed for each follower. (2) Differently from stochastic Lagrangian system and second-order stochastic MASs such as in [22] and [23] , the stochastic disturbance does not only appear in control input channel but also appear in the position channel in this paper. It means that, in our paper, not only the velocity but also the position of follower agent is affected by stochastic factors. In order to solve the mismatch between stochastic disturbance and the control input, the back-stepping method is applied. (3) A distributed reduced-order observer is designed to estimate the unknown velocity. Contrast to the full-order observer, the reduced-order observer can reduce the computational complexity of observer and it needs less cost in computations.
The rest of the paper is organized as follows. In Section II, some basic definitions and lemmas in graph theory and stochastic system are introduced. In Section III, in order to solving the leader-following consensus control problem of stochastic MASs, a reduced-order observer and observerbased controller are designed. In Section IV, simulation is given to illustrate the proposed approach. Finally, Section V concludes this paper. 
II. BACKGROUND AND PRELIMINARIES
The undirected graph G is connected if and only if there is at least one path between every pair of distinct nodes in V.
In this paper, we consider N + 1 agents. The agents labeled by 1, 2, . . . , N are follower agents (or called followers) and one agent labeled by 0 is the active leader. The communications between followers are described by G. The leader as a special agent will not be affected by any one of the followers. In this paper, not all followers but only a few are needed to receive the information from leader. Define the nonnegative element b i , which is used to denote the information communication between follower i and leader 0. If the follower agent i can receive information sent by the leader 0, then b i > 0, otherwise b i = 0, i = 1, 2, . . . , N . In this paper, we suppose that there is at least one follower can receive the leader's information.
Lemma 1 ([11] ): If undirected graph G which describes the communications between followers is connected, then
B. STOCHASTIC SYSTEM
Considering the following nonlinear stochastic system:
where x ∈ R n is the state variable and ω is r-dimensional independent standard Wiener process. f (x) : R n → R n and g(x) : R n → R n×r are locally Lipschitz and satisfy
Definition 1 ( [24] ): The solution process x(t)(t ≥ 0) of stochastic system (1) is bounded in probability, if
where P{A} is the probability of event A.
The differential operator LV is defined as follows:
Lemma 2 ([14] : If for all x ∈ R n , t > t 0 , there exist two positive constants γ and κ, and two class k ∞ functions α 1 (·) and α 2 (·) satisfying
then there is a unique solution of equation (1) for each x 0 ∈ R n and it satisfies
with ∀t ≥ t 0 . Remark 1: The stochastic differential operator LV contains Tr g T (x)
increases much more difficulties in design of controller for stochastic system than the deterministic systems.
Lemma 3:-Young's inequality [25] : If positive constants p and q satisfy p > 1, q > 1 and 1 p + 1 q = 1, then for ∀x ∈ R n , y ∈ R n , the following inequality holds
with ε > 0.
III. PROBLEM STATEMENT A. SYSTEMS DESCRIPTIONS
There are N + 1 agents in MASs including N followers and one leader. The ith (i = 1, . . . , N ) follower of secondorder stochastic MASs is described by following nonlinear stochastic differential equations
where q i ∈ R and v i ∈ R are the agent i's position and velocity respectively. ϕ i (q i ) : R −→ R r and ψ i (q i , v i ) : R 2 −→ R r are unknown nonlinear and smooth functions, satisfying ϕ i (0) = 0 and ψ i (0, 0)=0. ω is an independent r-dimensional standard Wiener process. u i ∈ R is coupling input.
The leader's dynamics are described as:
where q 0 , v 0 , u 0 , y 0 ∈ R are the leader's position, velocity, input and output respectively.
Assumption 1 ([26]):
The undirected graph G is connected, and there is at least one follower can receive the information from the leader.
Assumption 2 ([27] , [28] ): For each i ∈ {1, . . . , N }, there exists a positive constant p i such that
where ϕ is (q i ) and ψ is (q i , v i ) are the sth component of vec-
Remark 2: Assumption 2 means that the nonlinear dynamic disturbances are bounded. This assumption is commonly considered, such as in [28] and [29] , the stochastic disturbances can be nonlinear parameterized and bounded by the product of known nonnegative smooth functions and unknown positive parameters, so the nonlinear dynamic disturbances in [28] and [29] must be bounded.
Control objective: Design a distributed observer-based controller for each follower such that all the followers can track the leader and tracking errors q i − q 0 can converge to a small region of zero.
B. OBSERVER-BASED CONSENSUS CONTROLLER DESIGN AND CONSENSUS ANALYSIS
In this section, the backstepping method is introduced to solve the consensus problem of stochastic MASs with unknown nonlinear functions. The velocity of the follower cannot be measured, and the observers based on the neighbors' information are proposed. By the backstepping method, the distributed controllers are designed for MASs (8) with leader (9).
Step 1: Define the consensus error as
with i = 1, 2, . . . , N .
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For simplicity, we define h i = b i + d i . Along (8) and (9), we have
In this work, the velocity of agent i cannot be measured, the observation of v i is denoted byv i .
The observer error is defined as
Along (8) and (14), the following equation can be got
dω Choose the Lyapunov candidate function as
Along (13) and (15), the following Itô differential equation can be obtained
where
. Under Assumption 2, the following inequalities are obtained
where (20) where m 1 is a positive constant.
Substituting (18)- (20) to (17), we have
The distributed ''reduced-order observer'' can be designed as: (22) where v * i is the virtual variable that will be designed later and v * i can be seen as a virtual controller of (8) . k 1 > 0 and k 2 > 0 are the designed parameters.
Then substituting (22) into (21) we can get
On account of the observer errorṽ i = v i −v i , it is deduced that
Design the virtual controller as
where k 4 = k 3 + 3 4 m 1 , and k 3 > max{ 3 4 h i , i = 1, 2..., 5} is the designed positive constant.
Substituting (25) into (24), it is obtained
where v i is the velocity of follower i, here it is assumed to be bounded by positive constant ν.
Step 2: In this design step, the actual control input u i appears. To solve the consensus control problem of stochastic MASs, we introduce the new variable as follows:
Furthermore, we can get the following stochastic differential equation
Choose the Lyapunov candidate function as
By (28), the following equality can be deduced
Under Assumption 2 and Lemma 3, similarly to (18) , the following inequality is obtained
Substituting (26) and (31) into (30), we can get
a ij p * j ) 2 Using Young's inequality, the following inequality can be obtained
(33) VOLUME 6, 2018 Design the distributed controller for agent i as follows
is the designed parameter. Then we obtain
Theorem 1: For the stochastic MASs described as (8)- (9), under Assumption 1 and Assumption 2, the distributed controller (34) for agent i guarantees all the signals in (8) are bounded in probability and the leader-following consensus is achieved. Furthermore, the consensus error can be adjusted by the designed parameters.
Proof: We choose a Lyapunov function candidate as
By (36), we can get the differential operator LV as
In undirected graph G, it is known that a ij = a ji . The following equalities can be got
Substituting (39) and (40) into (38), we can get
where c = min{4
ρ i is a bounded and unknown constant which contained designed parameters.
The designed positive parameters k 1 and k 3 are satisfied that k 1 > 1 and k 3 > max{ 3 4 h i , i = 1, 2 . . . , 5}, so c > 0. From Lemma 2 and Definition 1, leader-following consensus of the stochastic nonlinear MASs (8)- (9) is got. And the consensus error can converge to a small region of origin by choosing the properly designed parameters.
IV. ILLUSTRATIVE EXAMPLE
In this section, the simulation is given to illustrate the effectiveness of the proposed control algorithm. Here, 5 followers and one leader are considered to compose MASs, where their communications are described by Fig.1 .
Obviously, the graph in Fig.1 denoting all the followers' communications is undirected and connected, so Assumption 1 is satisfied. Furthermore, from Fig.1 , we can observe that only follower 1 can get the information from leader.
The following dynamic of follower in MASs is considered, that is the same with simulation example in [30] .
where i = 1, 2, . . . , 5.
We choose the designed parameters as m 1 = 0.2, k 1 = 1.3, k 3 = 9, k 5 = 70 and the initial values as q 0 (0) = 0, q 1 (0) = 0.2, q 2 (0) = 0.8, q 3 (0) = 0.5, q 4 (0) = 0.9, q 5 (0) = 0.4, v 0 (0) = 1, v 1 (0) = 0.1, v 2 (0) = 3, v 3 (0) = 0.4, v 4 (0) = 0, v 5 (0) = 2. By applying the proposed observer and the distributed controller to the nonlinear MASs (42) with leader's input is u 0 = − sin(t), the following simulation results can be obtained as shown by Fig.2-Fig.4 .
From Fig.2 and Fig.3 , it can be observed that all the followers' positions and velocities are bounded under designed distributed controller. Fig.4 shows that the tracking error q i − q 0 can converge to a small region of origin. 
V. CONCLUSIONS
In this paper, the consensus control problem for one class of second-order stochastic nonlinear MASs with active leader is solved. The unmeasured velocities in followers are considered and a reduced-order distributed observer is designed to estimate the unknown states. The backstepping control algorithm is applied and the observer-based controller is proposed. We have proved that under the undirected and connected graph G, the proposed distributed controllers can drive all the followers to maintain consensus with the active leader even only a very few follower agents can get the information from this active leader. The simulation is given to illustrate the validity of the designed approach.
